We give a simple proof for the rotational symmetry of ancient solutions of Ricci flow on surfaces. As a consequence we obtain a simple proof of some results of P. Daskalopoulos, R. Hamilton and N. Sesum on the a priori estimates for the ancient solutions of Ricci flow on surfaces. We also give a simple proof for the solution to be a Rosenau solution under some mild conditions on the solutions of Ricci flow on surfaces. 
ancient solutions of Ricci flow on compact surfaces was studied by P. Daskalopoulos, R.S. Hamilton, and N. Sesum [6] .
Let g = (g ij ) be an ancient solution of the Ricci flow, ∂ ∂t g ij = −2R ij ∀t < 0, on a compact surface which becomes singular at time t = 0. It is observed by P. Daskalopoulos, R.S. Hamilton, and N. Sesum in [6] that by the results of [2] and [9] the ancient solution of the Ricci flow can be parametrized by g(·, t) = u(·, t)ds 
Let v = u −1 . Then v satisfies
It was proved in [6] that under a conformal change of S
for some constant C 0 ≥ 0. Moreover g is the contracting sphere with v(ψ, θ, t) = 1 2(−t)
when C 0 = 0. When C 0 > 0, P. Daskalopoulos, R.S. Hamilton, and N. Sesum ( [6] ) proved that g is the Rosenau solution [19] with
for some µ > 0. An essential step in their proof is the proof of the rotational symmetry of the ancient solutions of Ricci flow on surfaces. However their proof of the rotational symmetry is very hard and require the use of the difficult Lemma 2.10 of [6] . In this paper under a mild condition on g we will give a simple proof of the rotational symmetry which avoids Lemma 2.10 of [6] . As a consequence we also obtain simple proofs of some results of [6] on the a priori estimates of the ancient solutions of Ricci flow on surfaces. Since the proof in [6] that g is the Rosenau solution when C 0 > 0 is hard, in this paper we will give a simple proof of this result under some mild conditions on g.
Let R(·, t) be the scalar curvature of g(·, t). For any z ∈ S 2 and δ > 0, let B δ (z) be the geodesic ball with center z and radius δ on S 2 with respect to the round metric ds 2 p . We first recall some results of [6] . Lemma 1. (Lemma 2.1 of [6] ) For any t 0 < 0 there exists a constant C 1 > 0 such that
Theorem 2. (cf. Proposition 3.4 and Theorem 4.1 of [6] ) v(·, t) decreases and converges in
for some constant C 0 ≥ 0 and the convergence is uniform in C k (K) for any k ∈ Z + and any compact set K ⊂ S 2 \ {S, N} where S and N are the south pole and the north pole of S 2 .
We will now assume that the coordinates on S 2 are chosen such that (5) holds for the rest of the paper. We will also assume that C 0 > 0 in (5) and there exist constants 0 < a < 3, t 0 < 0, and C > 0 such that
for the rest of the paper. Note that the Rosenau solution (3) satisfies (6). Proof: A proof of this result without the condition (6) using Lemma 2.10 of [6] is given in [6] . However the proof in [6] is hard. Under the condition (6) we will give a different simple proof here using the technique of [5] and [14] . Let θ 0 ∈ (0, 2π). For any q = (θ, ψ), let W (q) = (θ + θ 0 , ψ) be the point on S 2 obtained by rotating q an angle θ 0 about the z-axis. For any q ∈ S 2 , t < 0, let u 1 (q, t) = u(W (q), t) and
Let t 2 < t 1 < t 0 < 0. Then
for some constants
By the maximum principle, 0 ≤ η ≤ 1 on S 2 × [t 2 , t 1 ). Since u 1 also satisfies (1), by (7),
We now choose a sequence of smooth functions
to the characteristic function of the set {q ∈ S 2 :
Interchanging the role of u and u 1 and repeating the above argument,
By (9) and (10),
By (6),
By Theorem 2,
By (12) and (13),
By Theorem 2, u(·, t) converges uniformly to 1/(C 0 cos 2 ψ) in C 1,α for any 0 < α < 1 on any compact set K ⊂ S 2 \ {S, N} as t → −∞. Hence u θ (·, t) converges uniformly to 0 on any compact set K ⊂ S 2 \ {S, N} as t → −∞. Letting t 2 → −∞ in (11), by (14) and the Lebesgue dominated convergence theorem,
Thus u(θ, ψ, t) is independent of θ and the proposition follows.
We can now write
Then f ∈ C ∞ (S 2 × (−∞, 0)) and by Lemma 1 there exists a constant C 1 > 0 such that sup
Corollary 4. (Propositon 2.5 and Lemma 2.7 of [6] ) For any t 0 < 0 there exists a constant C 2 > 0 such that
Proof: A proof of this result is given in [6] . However the proof in [6] is hard. We will use ODE technique to give a simple proof here. Let t 0 < 0. Since v is independent of θ,
Since v((π/2) + δ, t) = v((π/2) − δ, t) and v(−(π/2) + δ, t) = v(−(π/2) − δ, t) for any 0 < δ < π/2 and t < 0,
By (15), (17), (18) and the mean value theorem,
By (15), (17) and (20),
By (17) and (18),
By (22) and an argument as before,
By (20) , (21) and (23), we get (16) and the corollary follows.
Corollary 5. Let t 0 < 0. Then there exists a constant C 3 > 0 such that
Proof: By the proof of Corollary 4, (19) and (22) holds. Differentiating (19) with respect to ψ,
Now by (2) (cf. [6] ),
By (25) and (26),
Differentiating (27) with respect to ψ,
holds for any |ψ| < π 2 and t < 0. Now by the Harnack inequality [10] and the maximum principle, R t ≥ 0 on S 2 × (−∞, 0) and
By (13), (29), and Shi's derivative estimates [11] ,
By (13), Lemma 1, and Corollary 4 there exists a constant C > 0 such that
Now by (15) ,
Hence sin 2 ψ
By (15), (28), (30), (31), (32) and (33), there exists a constant C > 0 such that
Similarly by using (22) and repeating the above argument,
By (34) and (35) we get (24) and the lemma follows.
As in [6] we introduce the Mercator's projection of the sphere S 2 onto the cylinder with coordinates (x, θ) which is given by cosh x = sec ψ and sinh x = tan ψ and dx dψ = sec ψ.
Then in the cylindrical coordinates the metric g can be written as
for some function U that satisfies
where ψ and x are related by the Mercator's projection. Let
and
x (x, t). Let H(ψ, t) be the function F in Mercator's coordinates on S 2 .
Corollary 6. For any t 0 < 0 there exists a constant C > 0 such that
Proof: This result is proved in [6] using Proposition 2.5 and Corollary 2.12 of [6] whose proof is hard. We will give a simple proof here. By direct computation,
By (36), Corollary 4, and Corollary 5 the corollary follows.
Lemma 7. For any t 2 < t 0 < 0 and ε > 0, there exists ψ 0 ∈ (0, π/2) such that
Proof: By Corollary 4,
Since
By (39) the equation (2) for v is uniformly parabolic on S 2 ×[2t 2 , t 0 ]. By the parabolic Schauder estimates [15] and the compactness of S 2 × [t 2 , t 0 ], there exists a constant C > 0 such that
with α = 1 for any ρ, ψ ∈ (−π/2, π/2) and t 2 ≤ t ≤ t 0 . Hence
Now by Corollary 4,
By (17) and Corollary 4,
By (19),
By the mean value theorem for any ρ ∈ (−π/4, π/2), there exists a constant φ ρ ∈ (ρ, π/2) such that
By (15), (45) and (46),
where
for some ψ ′ ∈ (ψ, π/2) where ψ ∈ (π/4, π/2) and t ≤ t 0 . By (41) and (49),
with α = 1. By (36), (38), (42), (43), (44), (47), (48), (50) and (51), there exists a constant ψ 1 ∈ (π/4, π/2) such that
Similarly there exists a constant ψ 2 ∈ (π/4, π/2) such that
Let ψ 0 = max(ψ 1 , ψ 2 ). By (52) and (53), we get (37) and the lemma follows.
Lemma 8. For any t 2 < t 0 < 0, there exists a constant C > 0 such that 
holds for any π/4 ≤ ψ < π/2, t 2 ≤ t ≤ t 0 . By (56), (57), Corollary 4 and the mean value theorem, there exists a constant C > 0 such that
By (40), (55) and (58),
Similarly
By (59) and (60), |Q xψ (ψ, t)| ≤ C ∀|ψ| < π 2 , t 2 ≤ t ≤ t 0 .
Since H ψ = 2Q x Q xψ , by (61) and Corollary 6 the lemma follows.
Theorem 9. Let C 0 > 0. Suupose there exist constants 0 < α < 1, t 0 < 0, 0 < a < 3, and C > 0 such that
and (6) and (41) hold for any ρ, ψ ∈ (−π/2, π/2) and t ≤ t 0 . Then v(ψ, t) = v(θ, ψ, t) satisfies (3) for some constant µ > 0.
Proof: As observed in [6] it suffices to show that H(ψ, t) ≡ 0 ∀|ψ| < π/2, t < 0.
